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RESEARCH AND DEVELOPMENT
TO OPTIMIZE THE HYDROGEN MASER:

FINAL REPORT

I. INTRODUCTION

From the theory of operation of the atomic hydrogen maser, it is
apparent that its performance can be markedly improved by increasing the
fraction of hydrogen atoms entering its storage bulb that are in the (F=1, m=0)
state (Reference 1). In the conventional maser design, the beam of atoms
entering the storage bulb consists principally of a mixture of the desired
(F=1, m=0) state and the (F=1, m=1) state. The latter do not contribute to
the maser's oscillation, but degrade it by line-broadening spin-exchange

collisions with the radiating atoms that provide the maser's output signal.

Several workers have suggested (e.g., Reference 2) that it should be
possible to eliminate the unwanted state by using a somewhat more complicated
beam optics design rather than the conventional one. The conventional system
consists of a single hexapole magnet through which the atomic beam of hydro-
gen passes. Atoms inthe (F=1, m=1) and (F=1, m=0) states are deflected
toward the axis of the magnet, while the other two states are deflected outward.
The length and position of the magnet are so designed that a fraction of the atoms
deflected toward the axis are focussed into the storage bulb. The proposed
design uses two hexapole magnets with a space between them in which the com~
ponent of atomic angular momentum parallel to the applied magnetic field is
rotated 180% atoms in the (F=1, m=1) state end up in the (F=1, m=~1) state
and vice versa. Atoms in the other two states should end up in the same staies
as before. The first magnet deflects the (F=1, m=-1) and (F=0, m= 0) states
out of the beam, and the second deflects those atoms which have undergone the
transition into the (F=1, m= ~1) state out of the beam. By these means, the
atoms remaining will be in the desired (F= 1; m=0) state.

The object of our work is to reduce the conceptual design to an effective,
practical one. Below we discuss our steps in reaching this goal, and give our
conclusions on the best way to proceed in applying our results,



II. THE FIELD OF A HEXAPOLE MAGNET

In order to make accurate calculations of atomic beam optics, one
must know the strength of the field in the state selection magnets. Measure-
ments with Hall effect magnetometers are difficult to make accurately, particu-
larly in magnets with small gap and large gradients. We have developed a
technique that permits accurate evaluation of the field in a hexapole magnet.

The two components of the field in a2 magnet can be expressed as:
_ n-1
B, = ZBn (r/ro) cosn®
- n1 .
B 9 ZBH (r/ro) sinn®
where r, is the radius of the magnet. If the hexapole magnet is symmetric and
the pole tips symmetric about their midplane, the only non-zero values of B,
exist for n=3, 9, 15 ~---, when the dominant term is for n=3, and the higher
terms are the result of deviations of the pole tips from infinite permeability

and the ideal hexapolar pole tip shape:
(r/ro)3 cos38 = 1,

Field Measurement in a Hexapole Magnet

The magnitude of the B can be determined by rotating the magnet
about its axis and measuring the voltage induced in a rectangular pickup loop
placed so that it is bisected by the magnet axis. If the voltage is measured with
a wave analyzer, the components at the various harmonics of the rotation fre-
quency can readily be separated. If the wire is round, with diameter d, and the
rotation frequency w is low enough so that the skin depth of the wire is large
compared to d, the voltage induced by each B,, is given by the expression:

= . D |n 1 /nY /d}?
Va®) = wB, * 2Lr,cosnwt [_ZTo] [1+ T (2) (’D‘) + __..:]

where L is the length of the loop, D is its diameter measured between the centers

of the wire, and (121‘) is the binomial coefficient.

Experimentally we find that harmonics of w other than those for which
n=3, 9 or 15 are present, but their amplitude is down so that they represent minor
perturbations of the field. The components for n=9 and 15 can be minimized if

the tips of the pole pieces are shaped to match the theoretically ideal shape
reasonably closely.
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It can be important that components B, for n# 3 be kept negligible.
Calculations of their effect on the force exerted on an atom at a distance close
to r, from the axis show the change in the force fo be surprisingly large. We
have built hexapole magnets in which the pole tip profile is a circle whose
radius is 56% of the radius of the hexapole magnet gap (Figure 1). For such
magnets we have found typically that B, = 6800 gauss, By~0, and By, < 100
gauss. By contrast, for a magnet whose pole tips were square, B, = 6200 gauss,
B, = 842 gauss, and B,; was negligible. One can show in this case that the mag-
netic gradient at r, varies by more than 3:1 with changes in 9.

The measured field strength, B,, we have obtained is lower than we
had originally hoped for. Measurement of the flux density across various
planes in a pole piece shows that the limitation is not saturation of the iron of-
the pole piece, although flux densities are as high as 18,700 gauss. We believe
that the limitation in our present design is the value of the coercive force of
the Alnico 8B permanent magnets that produce the magnetic field, and that a
magnet alloy with a greater coercive force would give a larger field at the pole
tips, even though its energy product were no larger.

Saturation in the Pole Tips

The ideal hexapole pole tip has the contour (r/r0)3 cos 38 =1, where
r, is the radius of the magnet gap. For an ideal hexapolar field,

IB| = By(r/r)?

where B is the field strength at a pole tip. We can estimate where saturation
will occur by integrating B-dS over the surface of a pole tip, and equating it to
the integral of B*dS across the tip, inside the iron. Considering a unit léngth
of pole piece, from the two equations above we can obtain

/2 4
ds = {l‘—_dr2+(rd9)z]‘ =T, secé‘39d9

B

B, sec % 38

e! 1
2 = =
J;Bo»rosec 3pde = 5 B,r,tan 3¢’

I'Bds



The flux through a surface in the pole tip will be approximated by Brg'; this
is the value for half a tip, from its midplane to a surface.

;. B = (B,/36") sec”®36'sin3¢"

Because of the secant factor, we can see that the pole pieces must saturate

as € = n/6 for whatever field we have at the tips. If B, is 7500 gauss, satura-
tion occurs in iron at about three times that value. 'Expressing g! as ﬁ-/é -8,
and setting B/B, = 3, from the previous equation we find

1 [ 2B, P4 _ L[27Y?
¢~ 3|58 "37[3"#]

and ‘that the value of r at which saturation occurs is

mB -
T a I‘O[—-:—B-(;] = 2.21‘0

Generally, hexapole magnet pole pieces are not made as thick as the "ideal"
shape, specifically to reduce leakage flux between them and thereby reduce
the effect of saturation_.

To summarize, the field in a hexapole magnet is probably more com-
plicated than is usually assumed, and sophisticated techniques should be used
to determine it. It is particularly important to be able to do this in the case
of a two-magnet beam optics system because the efficiency of the system will
depend on matching the design of the two magnets. To design the magnet
lengths, it is necessary to know their field ‘strength.



III. TRAJECTORY CALCULATION FOR HEXAPOLE MAGNETS

The force on an atom in a magnetic field is
F = ’J. . VB

where pu is the effective magnetic dipole moment of the atom. For an atom
with a one-electron hyperfine structure,

X +2m/(21 + 1)
2(1 +4mx/(21 +1) +x2) 72

B=F {gJ + g}) Mo T mgr o

(gJ + 31) Ko B
AW

AW is the hfs splitting in the ground state, gy is the nuclear g-factor divided
by the ratio of the proton mass to the electron mass, considered positive for
positive nuclear moments; 1 is the nuclear spin, pu, is the Bohr magneton,
and- m is the projection quantum number for the total atomic angular momentum,
The upper sign applies to the magnetic sublevels for which the total angular
momentum, F =1 +J, and the lower to those for which F = II -d f . For
hydrogen, x =1,976 x 1073 B, where the magnetic field B is in gauss. When
x >>1, the dipole moment for m =0 states approaches a Bohr magneton,

the value, for hydrogen, for states withm =4+ 1. Since x =1 for B a little
over 500 gauss, it is a useful approximation to set y =, for all states
independent of field strength, With this approximation, in a hexapole magnet,

the equations of motion of an atom are particularly simple.

Straight Bore Magnets

If x and y are the transverse coordinates of displacement, and z the
coordinate parallel to the beam and magnet axis,

LAl 2

X = F u]zo X
mro

] 2 B

y = ;_"_"'__.92_ y
mr

0
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where m is the mass of the atom, r, the radius of the magnet, and B,

the magnetic field at the pole tips, assuming an ideal hexapolar field, The
upper sign applies to the states deflected toward weaker magnetic fields,
and the lower to those deflected toward stronger magnetic fields. x and y
may conveniently be expressed as functions of z instead of time if we recog-
nize that the x and y components of velocity are always small compared to
the z component: V, = V. Then

d®x  _ - Zp B,
dz? mv?r,?

X

and similafly for y. The solutions of these equations are apparent; when the
minus sign applies,

X =X, cos (Bz/ry) + (X ro/B) sin (Bz/ry)

1
where B = (2B, /mvz)/z, X,

value of dx/dz at z =0. When the force is divergent,

is the value of x at z =0, and x,' is the

x =x, cosh (Bz/ry) + (x,' r,/8) sinh (Bz/r,)

If the deflection force were not linear--i.e., directly proportional to distance from
the magnet axis--the equations for x and y would no longer be independent,

and general solutions in analytic form could not be obtained..

Tapered Hexapole Magnets

It has been suggested that hexapole state selection magnets with tapered
bores might be advantageous in hydrogen maser beam optics sysfems. The
trajectory of an atom with constant dipole moment can be solved analytically
for this case, also.‘ We neglect the z component of the force of the magnet,
assuming the entire force is perpendicular to the axis, and assume again that
v, =V.

Let the radius at a position z in the tapered magnet be

r =1, (1+kz/ry)



where k is the amount of taper. ‘The differential equation is then

d%x -z 2u By X
dz? mvir?  (1+kz/ry)?

The equation is simplified by making the substitution

u =ln (r0 +kz)

We then obtain the equation

d* dx

du® du

+ 2¢ By )x =0

mv2k®

1
With the parameter 7 = (2y B, /mv?k® ¥ 1 /4)/ 2, the solutions are
e A ) : ,
x =%, (1+kz/ry)"? |cos| NIn(1+kz/ry)| ~ (1/27) sin [’f)ln (1+kz/ry)

+ Xy (1-l~kz/r0)1/2 (r, /kN) sin ['ﬂln (1 +kz/r0)]

when the upper sign applies (converging deflection) and a similar expression
with the trigonometric functions replaced by the corresponding hyperbolic ones
when the lower sign is appropriate (diverging deflection). Similar expressions
hold for y.

These general analytic formulae are valuable when we are interested in
considering the finite size of the source of hydrogen atoms. If the atoms do not
start precisely on the axis of the beam optics system, we can still, by using
these solutions, accurately evaluate the beam optics, There are cases when
the finite diameter of the source cannot safely be neglected. We discuss how

these solutions are used in the following section.



IV. MAPPING

We notice that the solutions for the atomic trajectories in the previous
section are expressed in the form:

x(z) =%, (z) +x,' g(2)

where f(z) and g(z) are solutions of the differential equation. The siope
x' =dx/dz can also be expressed in a similar form:

X'(z) = x5, 1" (2) +x4 g' (2)

The functions f 'and g will be different in different magnets, but the form
will be the same, even in a drift region outside the magnets. In a magnet,

f and g are functions of velocity. It has been shown (Reference 3) that the
solutions of the differential equations for the atomic trajectories can be used
as mapping transformations that facilitate the evaluation of an atomic beam

optics system. If

~L

%) (z)) =% f; (2;) +%' g, (%)
X' (2y) = %5 (2y) +%' g (z)
and
X, (25) =%,(2) £, (2, - 2y) +X,' (7)) &, (2, - 2)
X' (22) =%, (2z)) £ (2, - 7)) +\X1' (2)) &' (2z2-2)
we can express X, (z,) and X,' (2z,) as linear functions of x, and x;':
x,(2,) =x6F2+xo' G,
X' (25) =% Fy! 4% Gy
where

F, = £,(2)) £,(2, - 2,) +1) (2)) 8, (22-2,)



Gz =g1(z1) fz(zz - Zl) +g1' (Zl) ga (Zz‘ Zl)

!
i

2 = h(z) 5 (z,-2) 1 (2) 8 (2,-2)

i

G,' g (7)) £ (z,-2)) +g' (z)) &' (z,-2)

Similar relations hold for further steps, and may be obtained by iteration.
They have the form

Fnp = Fooi1fp(zy-2z,.) + Fn—i'gn (z - 247 ete.

We see that after n steps

Xp (2zn) =X Fp+%' Gy

X' '(zn) =X, F,' +xo' G,' ete.
Now consider a circle in the x -y plane at z,, centered on the axis, and
of radius R.

2y +yn = R?

Substituting the values of x,, and y, interms of x, and x,' we get
(% T t %4 Gn)? + (¥oFn ¥, Gp)? =R?

We can, with complete generality, choose our coordinate system so that
% =0. Transforming this equation we have

(%' +%,Fn/Gn)® + y,' 2 = (R/Gp)?

In the "slope' space with coordinates %' and 7yo', our circle has been trans-
formed into another circle of radius R/Gy, centered at -x,F), /G, . If the original
circle of radius R represents a target aperture, such as the entrance hole of
the storage bulb of a hydrogen maser, then the transformed equation represents
the boundary of the solid angle at the point x, of the source in which atoms will
be deflected into the target. We assume that the slopes are small enough so that

~ the slope (tan §) may be taken equal to the angle (8). We must also, of course,



allow for collisions with other stops and apertures along the way. We can
transform each circular aperture or stop back into the same ''slope' plane

of coordinates x,' and y,'. Each will be a circle, and if x,# 0, their
centers will not in general coincide. The useful solid angle is then the

portibn of the intersection of the transforms of the limiting apertures not
obscured by the transforms of any stops in the optical system.

By calculating 1/Gy and Fy/Gyp for each n and velocity of interest,
we can get, relatively inexpensively, a qualitative idea of the behavior of
an atomi‘é beam optical system, including the velocity range accepted,
sensitivity to the finite size of the source, and requirements on stop sizes.

The mapping transformation scale factors can also be used to draw
the actual maps of the overlapping circles to help the designer visualize
what is going on. It must be recognized, of course, that the limited number
of apertures calculated cannot completely represent the optical system;
atoms will be stopped at points between them. But for some designs the
approximation is very good. In the next section we discuss how we use
the mapping transformations and other approximations to estimate the
performance of beam optics systems.

~10 ~



V. CALCULATION OF PERFORMANCE OF BEAM OPTICAL SYSTEMS

We have estimated the performance of hypothetical designs of beam
optical systems in two different ways. The first involves the use of the map-
ping transformations described above, and the second involves calculating
the trajectories of atoms point by point through the system.

In the first method, using a program named MAPSIN (Appendix I),
we find the area of the intersections of the circles representing the target
aperture and the entrance and exit apertures of the two state-selecting magnets.
"This is done for a series of values of x, for each velocity in a series of veloci-
ties. This area represents the solid angle inside which atoms from the point X,
of the source can reach the target aperture. Weighting each area appropriately

for its origin and velocity, we sum them to find the total signal.

This area generally is irregular in shape, and we have chosen to
find it by the unbiased, but computationally inefficient method of hit-or-miss
Monte-~Carlo, in which the components of the initial slope, dx/dz and dy/dz,
are chosen randomly and tested to see if they lie within the solid angle of
acceptance. The size of the solid angle is prbportional to the fraction of the
random initial slopes that lie within it.

It turns out that, for reasonable designs, the limiting aperture is the
exit of the first magnet for the dominant part of the intensity., That is, if we
plot intensity as a function of velocity, for the dominant part of the curve the
useful solid angle is that defined by trajectories that graze the exit aperture
of the first magnet. Here we are deceived somewhat by our calculations,
because for the slower range of velocities the actual limiting aperture.should
be some distance within the magnet. Therefore the calculated intensities are
larger than they should be. The effect can be reduced somewhat by limiting
the maximum initial slope allowed to that obtained from energy considerations

for an atom originating on axis within the magnets:

dx 2, ,dy 2% - [2uBy 172
[(_c-l?) + (—d_ZL)] B mve
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Since we specifically wish to consider atoms originating outside the magnet
and off-axis, the above restriction improves, but does not perfect the cal-

culation.

The second method we use to estimate the performance of a given
design is the straightforward one of calculating the trajectory of the atom
from point to point along its path. This problem is simplified greatly if we
can assume that the atom originates on the axis of symmetry of the hexapole
magnets. In that case we need consider only one dependent coordinate, i.e.,
the displacement of the atom from the axis. If at any point z along the atom's
path we specify its displacement r and slope dr/dz, we calculate its trajec-
tory between z and z+ Az by assuming it is acted upon by a constant force,
which we calculdte for r at z, over the interval Az. We then repeat the
procedure until the atom reaches its target or runs into an obstacle. We
repeat this for a series of initial slopes and a series of velocities, integrating,
with appropriate weighting, over the successful initial slopes, and again over
the range of velocities. The program for doing this, called STRAFO, is listed
in Appendix II.

For the case of principal interest to us the results of the two methods
have been reasonably consistent with each other. They can lead to markedly
different results in two circumstances. The first is when the magnet next to
the source is so long that atoms oscillate inside it; that is, are deflected
back toward the center and cross over to the other side, to be deflected inward
again, Itis clear that having a limiting aperture at the exit only does not limit
the possible trajectories sufficiently to approximate the actual situation where
they might collide with the edge of the magnet over a considerable length. The
mapping method breaks down here, although the limitation on solid angle
improvés the situation, of course, The second circumstance where the two
methods differ is when the distance from the magnet to the target aperture
is longs, and the source radius not sufficiently small. We have made calcula~
tions for systems in which the second method we have described (STRAFO)
gave quite favorable results, but using the first, which takes off-axis source
" points into consideration, the efficiency appeared to be very poor.

-12 -



In Figs. 2A and 2B. are shown the velocity distributions calculated
with the two programs for the beam optics systems whose dimensions are
given in Table I. The program STRAFO is shown twice, once with the magnet's
force on the atom assumed to be proportional to displacement from the axis,
and again when the force is derived from the Breit-Rabi expression for states
with m=0, The limitation in the program MAPSIN is the limitation on initial
slope mentioned above that rejects some trajectories which would otherwise
hit the pole pieces of the first magnet. The integrated areas of the curves in
Figs. 2A and 2B are given in Table II.

The area under these curves represents the fraction of atoms in the
(F=1, m=0) state effused from the source collimator of the hydrogen maser
that reach the target aperture. We assume that the collimator consists of
round tubes whose length is ten times their diameter, and we neglect the
dependence of intensity with angle for the entire angle of acceptance. For the
design velocity, the maximum initial angle transmitted is emax = [2uB,/3kT ,
equal to approximately .03 rad for 7500 gauss magnets. The characteristic
width of the angular distribution, the ratio of collimator diameter to length,
is 0.1, While em ax is not very small compared to .1, neglecting the varia-
tion of intensity is a reasonable approximation that greatly simplifies compu~
tation (Reference 5). We also assume that the effused hydrogen atoms have a

Maxwell-Boltzmann distribution with a characteristic temperature of 380°K,

The dimensions of the system labeled ' space maser' are those of an
actual experimental maser. Those labeled '"double magnet'" refer to a proposed
design that we believe to be most practical for our state filter beam optics
system. Notice that their efficiencies are comparable. The double magnet
system, as computed, is more efficient than designs that have successfully
been used. For example, with a system whose dimensions are identical with
the space maser, except that the distance from the magnet to the target aper-
ture is 30 inches, the fractional intensity, assuming the Breit-Rabi exact force
law, is 1.5 x 1073, This is markedly less than the 2.87 X 10”2 calculated for
. the double magnet system (Table II). In all these calculations we have not included
any stops. Takingthem into account would reduce the intensity a little, and clip
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Table I -- Beam Optics System Dimensions

(Linear Dimensions in Inches)

Space Maser

Double Magnet

Collimator to First Magnet .125
First Magnet Length 3.0
First Magnet Diameter .125.

First-to-Second Magnet -
Second Magnet Length -
Second Magnet Diameter --

Second Magnet to Target 9.0

Target Diameter .226
Maximum Magnet Field Strength 7500G
Source Collimator Diameter .020

Table II -- Fractional Efficiency

Space Maser

.125
2,112
.080
4.0
7.0408
.125
10.0
.226
7500G
.010

Double Magnet

MAPSIN with limitation 4,92 x 103
STRAFO with linear force law 4,56 x 1073
STRAFO with Breit-Rabi force law  4.33 x 1073

-14 -
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the high velocity tail of the curves. The differences between the three
computed values are small, we feel, as beam optics computations go, and

we will not be misled in using them.,

In choosing our design for the two magnet system, we had to con~
sider not only efficiency for the case illustrated where both magnets deflect
the atoms toward their axis, but also those cases where one magnet deflects
inward and the other outward. For the state filter system to work, the trans-
mission in such cases must be negligible compared to the desired case. The
system we found that does this best is shown schematically in Figure 3, and
its dimensions are given in Table I (double magnet).

The dimensions were arrived at in the following way. The distance
between magnets, and the distance from the second magnet to the aperture
were chosen to be short, yet still long enough so that magnetic shielding
problems would not be inordinately difficult either in the transition region
between the magnets nor in the storage bulb. The diameter of the second
magnet gap was chosen to be .125 inch because that is the diameter that has
been most used. The diameter of the first magnet gap was chosen to be ,080 inch,
to be smaller than the second, but still practicable to build. We assumed a
peak magnetic field strength of 7500 gauss, and chose the length of the first
magnet so that an atom with the most probable velocity of the velocity distri-
bution (1.22 ) will leave the magnet parallel to the axis if it originates at the
axis at the entrance to the magnet, That is,

X' = x,' cos(w!,/ro) =0

where (= (ZpBo/ 3kT )1/2. This condition holds when the argument of the cosine is
n/2, or g= rrl‘a/ 2 w. The criterion for the length of the second magnet is that tra-
jectories of atoms'wiAth the modal velocity parallel to the axis pass through the
center of the target aperture. That is, at the exit of the second mégnet

dx X

T2 ¥

where L is the distance from the magnet to the aperture.
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X

_cal_xz_ = - (%, w/ro) sin w4 /r,

. cot (w;z/ro) = wl/z,

"f‘o cos (.u;z/r0

The first solution of this transcendental equation results in a very short magnet,
which will not reject unwanted states very well, so we use the second, which
gives us the trajectory shown in the middle diagram of Figure 3. This mode
of trajectory is successful for a range of velocities about the design irelocity.
A substantial contribution to the useful flux at the target aperture is made

by slower atoms whose typical trajectory is shown in the bottom diagram.

The two velocity ranges are marked by the cleft in one of the intensity curves
in Fig. 2B. With the other two, the two velocity intervals overla.p. By vary-
ing the magnet lengths 10% about those given in Table I, we showed that these
dimensions, designed to focus the most probable velocity, were optimum.

The fractional intensity reaching the target aﬁerture was 2.87 x 1072 for the
optimum design (calculated using the program STRAFO); and 2,68 x 1073 if
the magnets were 10% shorter, and 2,79 X 1072 if they were 10% longer.

Tapered First Magnet

In Figure 4 we show the intensity distribution curves for the case
where the first magnet is tapered slightly. The initial diameter is .080 inch,
and the taper is ,0034, The length of the magnet is increased to 2.4 inches

- to match the criterion by which we determined the length of the straight bore

magnet. The total intensity in each case is about 10% greater than for the
corresponding calculation with a straight bore magnet., We deem the improve-
ment too slight to justify the use of a tapered magnet in view of the difficulty
in accurately measuring its magnetic field. '
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VI. ADIABATIC FAST PASSAGE AND RABI RESONANCE

Adiabatic fast passage is a method well known in nuclear magnetic
resonance for reversing the orientation of a spin system, particularly useful
when the resonance is broadened by magnetic field inhomogeneity. It is also
useful in molecular beams to reverse the direction of spin (i.e., change the
sign of the magnetic quantum number m) in a beam with a broad velocity
distribution. We are concerned with the molecular beam case, in which the
polarized beam traverses a region in which there is a magnetic field with a
weak gradient. The beam travels in the direction of the gradient and at right
angles to the field. An oscillating magnetic field whose frequency matches
that required to induce the spin flip transition at the midpoint of the static
field is applied over an extended region. The magnetic gradient causes the
atomic resonance frequency to vary about that of the oscillating field as the
atoms pass through. If the change in value of the static field that the atom
sees is slow enough, and the oscillating field is strong enough, the direction

of the spins will be rotated by 180°, independent of velocity.

We may contrast this with the more usual sort of transition, which
we will refer to as a Rabi transition, induced in a region where the static
field is homogeneous. The oscillating field strength will be much lower than
in the former case, and whether the spin is rotated by 180° or by more or
less will depend on the strength of the oscillating field and the length of time

it acts on the atom.

If the velocity distribution is narrow, there may not be much practi-
cal difference between using either method to produce the 180° rotation we need
for our state filter beam optics system. It would be a matter of convenience.

It is quite simple to calculate the effect of the oscillating field for
particles of spin 'lz‘ for either the adiabatic fast passage case or the Rabi case.
We need to calculate the transition probability for going from the state m= %

to the state m = - 4. The comparable transition probabilities when the
‘ angular momentum is greater than 'lz can be obtained from the well known
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formula of Majorana (Reference 4, pp. 427-430). We are interested, for
hydrogen, in the F=1 level, where the total angular momentum is 1. If
we call the probability for the (m=4, m=-1) transition of a spin

particle T, then the Majorana formula gives the following results for T

m,m!’
the probability that a particle in state. m initially ends up in state m'. ’
Ty = (1 -T) Ton = 2T (1 -T)
Ti,o= 2T (1 -T) To,0 = (1 - 2T)?
Ty,~-1=T? To,m = 2T (1 -T)
(0T prsl)

Hydrogen maser optics will, in the absence of induced transitions in
the beam, focus atoms in the (F=1,m=1) and (F=1, m=0) states into the
storage bulb with approximately equal probability. Using the two-magnet
system described above, where the first magnet deflects out atoms in the
(F=1,m=-1) and (F=0, m=0) states from the beam, a reversal of spin
direction is induced and the second magnet deflects out atoms now in the
(F=1, m=-1) state, the ratio of intensity of atoms in the (F=1, m=0) state
to the total intensity focussed into the storage bulb is given by

In=0 _ 1-2¢+2€?
Lot 1+e2

where ¢=1~T. For small values of ¢ this ratio is approximately 1-2e,
The expression is shown giraphically in Figure 5. For values of ¢ between
.33 and 1, (or T between 0 and .67), the ratio is less, and the performance
of the méser worse, than if no transitions at all were induced. |

Calculating T: For a Rabi type of induced transition, in which the
atom's resonance frequency is constant over the region where the oscillating
field inducing the transition is applied, the transition probability T is given
by the expression (Reference 4, pp. 146-151)”:%

2b)? 21 Y,
T = s sin® 207+ @oP]

Uy
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where b = matrix element of interaction inducing the transition,
Q= W~ the resonance frequency minus the applied frequency,
t = length of time the interaction is applied to atom.

We assume that b is constant over the interval t, and that the oscillating
field is decomposed into two rotating components, one of which is ignorable.
At resonance ((}=0) this function is a maximum, evidently, for sinbt=1,
or bt=m/2.

In adiabatic fast passage, the value of (] changes continuously., We
calculate the transition probability by dividing up the interval of time during
which the atom passes through the interaction region into many small inter-
vals, assuming that b is the same in all of them, and that ) is constant in
each, changing discontinuously from one inferval to the next. We de.écribe
this calculation in detail in Appendix III. The principle of adiabatic fast
passage can be visualized with the help of Figure 6. The energy difference
between the states is shown as [ H,, or the equivalent frequency uHZ/ # .
The: effect of being in a rotating coordinate system, in essence subtracting
away some of the Larmor precession, is represented by the vector ¢, in
the opposite (-z) direction. The contribution due to the rotating component
of the field inducing the transitions is shown by the vector lying on the x axis
in the rotating coordinate system. The resolvent vector sum of these three
will move from being nearly parallel to the +z axis to being neAarly parallel
to the -z axis as Hz slowly decreases. The resolvent vector is equivalent
to an effective magnetic field, and if the change is slow enough, an atom
originally aligned parallel to the z axis will follow the resolvent vector
adiabatically, reversing its spin direction.

The transition probability as a function of rate of passage is shown
in comparison with that for a Rabi type of induced transition in Figure 7. The
relation between the abscissas of the two curves is arbitrary. The maximum
of the Rabi curve occurs when bt=m/2 radians. The quantity b must be
bigger in the adiabatic fast passage technique, and we have made the point

" where bt=10 padians coincide with the maximum of the Rabi curve. The
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quantity t is the tinﬁe of flight through the entire coil in both cases. Schematic
diagrams of the apparatus in which the two types of transition might be induced
are shown in Figure 8, with the liabi resonance region shown as A, and the
adiabatic fast passage region sho?m as B.

As it turns out, for At/ﬁi < .4; which is about the spread in times of
flight we expect from our beam optics calculations, and assuming optimum
tuning, it makes no significant difference which method of rotating the atomic
spins we use. The efficiency of the two methods is practically identical, and
our choice must be indicated by other considerations.

To design the adiabatic fast passage apparatus we must first choose
a value of bt large enough so that the transition probability is close to 1 for
the whole velocity range of interest. We must also choose the length of the
coil, the fractional gradient AH/H over the length of the coil, and how far the
resonance frequency of the atom is from the applied frequency when the atom
enters and leave_s the coil. (It should be at resonance in the middle.) For
example, let us choose as followé:

bt > 15 radians

Qnitial = 100
AH/H = ,1
4 = 5cm,

Then 2wy AH = 20b, where y=1.4 x 10° Hz/G.
AH/H = 20b/2TuH = .1

S H = 200b/2my
and  H= 100b/r

The mean velocity V in a hydrogen beam will be & 3 X 10° cm/sec.
bt = b4/V 215
Sbo2 15V/4 = 9 x 10°
and MH 2= 9 x10"/y = 28,6 MHz
H > 20.4 gauss
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This gives the minimum frequency we should apply to the coil and the corres-
ponding magnetic field at its middle. We can obtain the strength of the oscilla-
ting field required from the relation for a spin % particle whose g factor equals

that of a hydrogen atom:

o

9. ]3=1,m==%>" 1 H

nb = 2mug<J= %, m= <

osc
In this case g;=1, and the matrix element equals 4.
S H = Zb/nu

H 2 2x 9x10°/ 1w x 1.4x 10® = ,408 gauss.

The factor of 4 multiplying H is required because the spin interacts with

a rotating component of Hose Ic')as‘&er than with the entire oscillating field.

In the case of a Rabi resonance, the design is simpler, and the strength
of the oscillating field has no relation to the strength of the static field. One
would probably choose to design the region where the transition is induced to
be similar to the C field of a cesium beam tube, as is shown in Figure 8
That is, there would be a magnetically shielded region in which a relatively
weak, uniform, static magnetic field is maintained. The length of the coil
can be quite short, the frequency lower ( 10® Hz), and the strength of the
oscillating field somewhat less. It is necessary for wt/2m>1, so that atoms
cannot pass through the coil while the oscillating field is close to zero.

bt = n/2 = b/V
If £= lcm
and V= 3 x 10°cm/sec.,
then b= 4.71 X 10°
and Hygo= 2b/my= .204

Relative Merits of Adiabatic Fast Passage and Rabi Resonance Transition Methods

As we stated above, the choice between the two methods of rotating the
spin of the atoms in the hydrogen beam must be made on grounds other than their
relative effectiveness, since for the velocity distribution we expect there will be
little difference between them.

-21 -



The principal advantage of the Rabi method is that the design of the
magnetic shielding and the uniform magnetic field utilize techniques that are
well known to us. The frequency and strength of the oscillating field can be
lower,. too, than the other method requires. The principal disadvantage is
that care must be taken to avoid Majorana transitions in going from the strong
field of the hexapole magnets to the weak one when the transition is induced.
(Majorana transitions in a molecular beam are induced by sudden changes
in direction of the static magnetic field along its trajectory.) Another dis-
advantage is that the adjustment of the frequency and intensity of the oscillating
field must be more précise than is required with adiabatic fast passage.

Conversely, using adiabatic fast passage, the requirements on
tuning and power level are not quite as sharp, the transition from strbng
field to weak field should be easier, but on the other hand it represents an
untried technology.

We noted above that in the Rabi method there is a requirement that
wt/2m > 1 to ensure that atoms don't pass through the transition region while
the oscillating field is crossing through zero. We decompose the oscillating
field into two contra-rotating components, one of which can be ignored, of
constant amplitude,to calculate the transition probability shown in Figure 7.
This decomposition is not valid if the atom does not experience several cycles.
We make the same approximation with adiabatic fast passage, but it is not
clear in that case what the criterion is for the validity of the approximation.

It is our opinion, weighing all these factors, that both methods
should be tried, with priority given to the adiabatic fast passage method. This
should receive the emphasis both because of its advantage in looser require-
ments on level and frequency of the oscillating field and because it rapi'ésents
an advance in technique that should be tried. |
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VII. IMPROVEMENT OF MASER OPERATION

If quenching due to magﬁefic inﬁerﬁegeneity over the Volume of the
storage bulb of a hydrogen maser can be neglected the mechanisms that con-
tribute to the hydrogen resonance lineéwidth are’ spm exchange colhsmns, -
‘escape of atoms from the storage bulb, and loss of atoms due to recombination
on the wall of the storage bulb. 'Expemmentally, ‘the last two terms cannot be
distinguished, and we lump their effects on the linewidth together. We have

A9 Bt v
where Av is the hydrogen resonance linewidth, 8V ipip- is the portion of the line-
width due to escape from the storage bulb and recombination--i.e., the linewidth
limit as the density of hydrogen‘atoms approaches zero. A-\)S. o, i8 the portion
of the linewidth due to spin exchange collisions between hydrogen atoms and is
proportional to atomic hydrogen density in the storage bulb, or to the total flux
of atoms entering the storage bulb: : ‘

ovl, . I |
i ) A -
Avge. ™ 2MVy y bv = &Vmin
where O = spin exchangé collision cross section,
V = mean relative velocity between hydrogen atoms,

Vb = volume of the storage bulb,

v = reciprocal of mean lifetime of hydrogen atoms in storage bulb,
It £ = total flux into the storage bulb.

The total power radiated by the atoms in the storage bulb in the absence
of magnetlc quenching can be expressed as:

P = lhv‘rI- 2V AV(ZA\)-AV )]
2 ,L 8.,°1Q ‘min

I = net useful flux,

V .= volume o§ the cavity,

My = Bohr magneton,

N = '"filling factor" (reference 1)

Q = Planck's constant,

v

= radiated frequency.

‘where
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The width of the hydrogen resonance line is found by measuring the
shift in the radiated frequency as the cavity is detuned:

C vy, = AvQ/y,
where v, is the exact resonance frequency, as modified by the wall shift,

second-order Doppler effect, and magnetic field correction. Av ;. can be

obtained by extrapolation of the linewidth as a function of flux to zero flux.

Reducing the linewidth Ay while maintaining I will obviously result
in a marked increase in power output. In addition, reducing the linewidth lowers
the value of flux required for the maser to oscillate at all (P> 0). Finally, the
theoretical limit to the frequency stability of a maser depends on linewidth and
power: 1

og/ v = (4v/V2v) (KT/Pt)

where % is the rms deviation in output frequency,

k is Boltzmann's constant,

T is the absolute temperature,

t is the averaging time interval.

As é practical matter, however, this limit is never reached because the insta-
bility due to additive noise in the external circuitry that receives the maser's
signal, and longterm drifts due to temperature fluctuations and the like, drown
it out.

The power delivered by the maser beam is usually expressed in terms
of a parameter q (Reference 1):
IVrel * Ve o Ifor
8MLyQ MVy I

q=

q can be expressed in terms of the linewidth also, making use of the expressions
given above. It is difficult to measure power or flux absolutely, but thé value of
I for which the power is zero can be found in terms of the linewidth by extrapola~
ting the curve of power as a function of linewidth to zero power, Av'. When

P=0 we have

hv,

I= m AV'(ZAv'-Avmin)«
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If we assume that the ratio L ./I is a constant for all flux levels,
then

Avmin(A\ﬂ B AVmin)

The smaller the value of q, the better the performance of the maser. Note
that the value of q can be obtained experimentally independent of any know-
ledge of cavity Q, coupling coefficient, filling factor, collision cross section,
or cavity and bulb volume.

To measure the effectiveness of using adiabatic fast passage, the ratio
of the values of q without and with it can be made. This will give the improve -
ment in the ratio of the useful flux I to the total flux, Itot‘ Ideally, the ratio
of the two values of q should be 2:1.
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VIII. DESCRIPTION OF APPARATUS

The experimental apparatus we built differs from the ideal design
described in Table I in several respects, as shown in Table III. The first
magnef was made with a .125~inch gap diameter to facilitate both measure-
ment of its field strength and its manufacture. The second magnet was longer
than desirable to make use of parts of an already existing magnet. The Alnico
drivers of the two magnets came from two different lots, which may account
for the difference in the measured fields. This difference in field strength
meant that the lengths of the two magnets were not quite matched, since it was,
of course, necessary to choose their lengths before building and measuring
them. In order to make use of available existing apparatus, the source diameter
was greater than would have been desirable, and the distance from the second
magnet to the storage bulb aperture was twice as long as it need have been.

The velocity distribution of the beam flux calculated with the parameters we
actually had is shown in Figures 9, 10 and 11,'and the total flux is shown in
Table IV.

The maser on Which the experiment was performed had a spherical
storage bulb with an eighth-inch diameter. The usual storage bulb has a
seven-inch diameter, and the effect of the larger size is to decrease wall effects
somewhat and to make the so-called "filling factor" (References 1 and 6) smaller.
The small filling factor results in the maser's having a lower output of power,
while the lower rate of wall recombination results in its linewidth being
narrower than is the case with masers that have a seven-inch-diameter
storage bulb. Before it was modified, the maser we used had conventional
beam optics and it barely oscillated. From its calculated parameters it should
have oscillated reasonably well, and we can only speculate as to why.it did not.
Among the possibilities are misalignment, or transitions induced by magnetic
gradients, either of which might introduce a background of unpolarized atoms
into the storage bulb. As we shall discuss later, after the modification the
. maser oscillated much better.
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Table III -- Comparison of Actual vs. Design Ideal,

Double Magnet Systems

Actual Ideal

First Magnet Length 3,73 2.112
First-to-Second Magnet Distance 4.0 4.0
Second Magnet Length 7.75 7.041
Second Magnet to Storage

Bulb Aperture 20 10
Source Diameter .030 .010
First Magnet Diameter .125 .080
Second Magnet Diameter .125 .125
Bulb Aperture Diameter .150 . 226
First Magnet Field 7040 5400
Second Magnet Field 6500 7500
Stop Diameter .032 0

Table IV -- Comparison of Computations of Actual Double Magnet System

Computation Fractional Intensity
MAPSIN 4 Xx 10™
STRAFO with Breit-Rabi force 8.4 x 107
STRAFO with linear force law 7.4 x 10~
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The adiabatic fast passage region was a tapered electromagnet operated
at about 20 gauss. The polé pieces were 3.25 inches long, 1 inch wide, and
separated by .385 inch at their middle. They were made so that the gap between
them had a uniform taper, varying a little over 8% in a distance of two inches.
The poie piecés were made of Armco iron that was annealled after machining
by being passed through a hydrogen atmosphere brazing furnace. The return
yoke was an Armco iron cylinder one inch long and 3.5 inches O.D. mounted co-
axial to the beam and state selection magnets. Two arms along one diameter
supported the pole pieces, and were wound with four turns each of Teflon insu-
lated wire. The desired 20 gauss field required 16 ampere-turns, or two
amperes through the eight turns. Since there was some remanence in the
magnet, another eight turns were provided through which an alternating current
could be passed to eliminate the effects of remanence. Measurements of the
field in the gap showed it to be uniform over the diameter of the beam, and to
vary linearly with distance along the beam in the region of the coil. The
change of strength of the field was in agreemelit with the change in gap because
of the mechanical taper:

H-d = n,
That is, the strength of the field times the gap width d at that point was equal
to the number of ampere-turns in the magnet, as it should. The hexapole mag-
nets adjacent to each end of the tapered magnet caused variations in the field,
depending on their relative orientation, but these did not extend to the region
in which the coil was mounted.

The coil, two inches long, was made of 55 turns of #21 magnet wire
wound on a ¥j¢-inch mandrel. Its inductance was about 1.6 phenry. In order
to drive it at 28 MHz with the signal generator available, it was necessary to
resonate it with a variable capacitor mounted external to the vacuum.syé;tem.

The maser used had a loaded cavity Q of 32,000 and the coupling co-
efficient was 0.2. The cavity could be fine-tuned by means of a mechanical
plunger operated by a screw from outside the vacuum. Unfortunately, it was not
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possible to tune the cavity to the hydrogen resonance frequency, but this
made no real difference to the experiment..

The two magnets and the tapered magnet were held in alignment by
a rigid framework. The axis of the two magnets was aligned by eye to pass
through the storage. bulb aperture by adjusting the mounting of the framework.
The position of the source collimator likewise was adjusted by eye to coincide
with the axis. The alignment turned out to be completely adequate.
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IX., EXPERIMENTAL RESULTS

The first significant experimental result is that the maser oscillated
very well with its rather complicated beam optics system, both with and without
the enhancement from the induced adiabatic fast passage resonance to eliminate
atoms in the (F=1, m=1) state. The oscillation was stronger, and occurred at
lower source pressure.s than had been the case before the modification of the
beam optics, when it had been found very difficult to get the maser to oscillate
at all.

In our experiinents the data that could be accurately measured were
the relative power from the maser and the frequency of its signal. The fre-
quency was measured by comparison to another maser. The reference maser
was used to phase-lock a 5 MHz crystal oscillator whose signal was compared,
after multiplication and synthesis to a frequency close to that of the maser
under study, to the frequency of the maser signal. The synthesizer was set
© 80 that the period of the beat was about 8 seconds, and the duration of 10 periods
was measured with an electronic counter. For a given set of conditions (flux
level,and with or withouf adiabatic fast passage enhancement), the beat period
was recorded for each of a series of settings of the mechanical tuner. After
some manipulation of the data, the slope of the curve of change of maser fre-
quency as a function of cavity frequency offset was obtained by a least squares
fit to a straight line. Also, for a given cavity frequency setting, the relative
power was measured by adjusting a calibrated attenuator to bring the signal
to a predetermined level. The results of a series of measurements are shown
in Figure 12. In the upper section, relative flux, assumed propoftional to source
pressure, is plotted as a function of cavity pulling, the slope of the maser fre-
quency versus cavity frequency curve. In the lower section the relative power
is plotted against cavity pulling. The error bars represent the 2 ¢ confidence B
limits on the slope deduced from the least squares regression. In each sectior;;;
the curve on the left, representing less pulling and hence the narrower hydrogéh
‘ resonance linewidth, is the result when adiabatic fast passage transitions are
being induced.
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When these curves are extrapolated to zero power or zero beam inten-
sity, we can deduce the limiting linewidths ’Av' ax;d A\’min from the intercepts.
Then, as described in Section VI, we can find the degree of enhancement; that is,
the ratio of the ratios of useful flux to total flux with and without the adiabatic
fast passage transition being induced.

Qualitatively, with adiabatic fast passage transitions being induced,
there is a slight increase in maser power. The transient behavior, on applying
the radio frequency power to the coil, is for the power to decrease for a few
seconds and build up. Conversely, when the r.f. power is turned off ,v the power
increases briefly and then declines. This is an indication that the total useful
flux reaching the storage bulb of the maser is smaller when the adiabatic fast
passage transition is being induced, as well as the total flux.

We find that turning on the adiabatic fast passage transition increased
the power put out by the maser by about 2db. By calculating the values of g
with and without enhancement, and taking their ratio, as described above, the
improvement in the ratio of useful flux to total flux was found to be approximately
20 pér cent.

The degree of improvement is smaller than expected. There are several
possible explanations for this. One is that Majorana transitions are occurring
between the state selection magnets and the storage bulb aperture, scrambling
the state populations. Originally the hydrogen beam passed through a fairly
small hole (%4 inch) in a mumetal septurn, and we thought that transitions might
be occurring there. However, when this hole was enlarged to two inches there
was no improvement discernible. When a coil of wire was placed around the
region through which the beam passed and direct current was made to flow through
it, it was possible to make the performance of the maser worse for current flow
in one direction, but not to improve it. It is  still possible that such transitions
occur somewhere else. Certainly the power level and residual linewidths are
sensitive to the bias field at which the maser is operated, and to the settings of
current in the coils used to trim that field.
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Another reason why the improvement may not be as good as expected
is that the beam optics preferentially focus atoms in the (1, 0) state into the
storage bulb anyway. As shown in Table IV, the calculations based on the
approximation of a point source of atoms show that the (1,0) state is focussed
13% more efficiently than the (1,1) state, and the advantage might be even
greater in actuality. There may also be a background of unpolarized atoms
that finds its way into the storage bulb. '

The adiabatic fast passage transition seems to work as intended. If
the power applied to the coil is too low, maser operation is quenched, but the
performance of the maser seems to be independent of power level of frequency
over a remarkably broad range, as long as the frequency corresponds to reso-
nance for the transition between the (F =1) hydrogen levels near the center of
the coil.

Audoin et al (Reference 7) have operated a hydrogen maser with
similar optics and have measured the actual state population in the storage
bulb at very low flux levels in an experiment which we did not have the equip-
ment (or the time) to duplicate. They found, with adiabatic fast passage enhance-
ment, that approximately 85% of the atoms were in the desired (1, Q) state. The

improvement in power of the maser in oscillation, however, was also about 2db.
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X. CONCLUSION

We have made thorough calculations that show that a hydrogen atomic
beam optics system can be made that substantially focusses only atoms in
the (F=1, m=0) state into the storage bulb of a hydrogen maser. The
efficiency of this state filter system can be comparable to the simpler
state selection systems that have generally been used. We have calculated
the performance on the basis of two different approximations, and found

them to agree closely for our proposed design.

We have found that it is feasible to use either a conventional Rabi
resonance or an adiabatic fast passage transition to induce a 180° rotation
of spin alignment in the region between the two hexapole magnets of our
proposed beam optics system. We suggest that both methods be tried,
with the adiabatic fast passage method given first priority.

Calculations of the effect of tapering the state selecting magnets show
that flaring the first magnet results in a slight improvement in the efficiency
with which hydrogen atoms from the source are used. The calculated
improvement is small enough that it does not justify using a tapered magnet
when the difficulties in assessing the field strength in a tapered magnet

are considered.

The experimental test of the improved beam optics system showed
that a relatively complicated atomic beam optics design can be made to work
efficiently. The improvement obtained by using adiabatic fast passage, while
not as great as expected, is useful to the operation of the maser, and there
are no drawbacks to its use apart from the greater elaborateness of the design.
The application of the principle to atomic hydrogen masers is practical and
valuable.
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Xi. NEW TECHNOLOGY

The following items of new technology have developed during
the work on this contract:

a) Method of analyzing the field of a hexapole magnet.

b) Design of a state selecting hydrogen beam optics
system.
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Appendix I

Below is a listing of the program MAPSIN used to calculate the
fraction of atoms effused from the collimator that reach the aperture of the
storage bulb in a two magnet beam optics system for a hydrogen maser.
We assume a Maxwell-Boltzmann velocity distribution at a temperature of
380K, We provide the following data:

R1 the initial bore radius of the first magnet

T1 the taper of the first magnet

R2  the initial bore radius of the second magnet

T2 the taper of the second magnet

L1 the distance from the collimator to the first magnet

L2  the length of the first magnet

L3  the distance between magnets

14 the length of the second magnet

L5 the distance from the second magnet to the target aperture
B¢ the peak field strength in the magnets

M1 and M2 equal -1 if the magnets deflect atoms away from axis
01 the exit radius of the first magnet '

02 the radius of stop in exit plane of first magnet

03~ the initial radius of the second magnet

04  the exit radius of the second magnet

05 the radius of stop in exit plane of second magnet

06  the radius of target aperture

07  the source radius

M3 the number of radial zones source is divided into

M5 the number of random initial slopes essayed from each zone
V1 the initial velocity in integrating over range of veldcities
V2 the final velocity

V3 the velocity interval of each step

W2 the transmission factor of the collimator



The velocities are expressed as fractions of &( =/ 2kT7m5
The magnetic field is in gauss
The linear dimensions must all be expressed in the same unit



ouoHPFTDE.Q'

GE 6B@G-LINE T/S5 -FROM DAKTMOUTH
TERMINAL 305 ON AT 11:28 16/30/68
USER NUMBEK--VZ21581,HPFT
SYSTEM=-=-EASIC '

NER OR OLD--0OLD

OLD FILE NAME--MAPSIN

KEADY

LIST

MAPSIN 11:29 16736768

16 REFAD K1,T1,k25T2,L15L251.3,L45L5,R0

15 KEAD M1,M2

2V READ 01,02,03,04505,06,07,M3,¥5
25 READ V1,V2,Vv3, 42

400 LET K=S50R(1.7697E-7%*BM)

5¢ FOKk v=V1 T0O0 v2 STEP V3

et LET b=11

€S LET €
70 1LE1
75 LET
&0 LET
85 -LET
9r 1IF Ti=06 THEN 142
1600 LET T=T1

112 IF Ml=-=1 THEN 190
12¢ COSUR 1660

136 GOTQ 3¢

14 IF tMli==-1 THEN 176
150 COSUE 116m@

1600 GOTO 364

17 CGOSUE. 1266

180 GOTO 36

190 GOSUBR 1366

3060 LET R2=D6

375 LET D=Dé

318 LET CG2=Cé

315 LET G=Gé6

320 LFET A=AH6

33 LET B=bé

349 LFT D3=D+L.3*A

345 LLET D=L3

350 LET CG3=C+1.3%A4
355 LET G=¢3

. 360 LET L=L4

- 370 LET K=R2

TT DM
~ D e e

f—
N

it nonon

o



380
390
400
410
420
440
450
460
470
480
490
3.y,
610
620
630
648
650
660
670
800
%10
820
&30
840
1000
1616
12
1230
1040
1056
1060
6710
1080
1690
1160
111@
1120
1130
1140
1150
1200
1210
1226
1230
1240
125@
1260

© 1270

1286

IF T2
LET T
IF M2
GOSUB
GOTO

IF M2
GOSUB
GOTO

GCOSUB
GOTO

GO SUB
LET D

=y THEN 440
=72
=-1 THEN 49¢
10456
600
=-1 THEN 470
1100
600
1200
600
1300
4=D6

LET G4=(¢6

LET D

GOSUR
NEXT
FRINT
STOF
DATA
DATA
DATA
DATA
DATA
LET
LET
LET
LET
LET
LET
LET
LET
LET
RETU
LET
LET
LET
LET
LET

5=Dé+L.5%A6

LET G5=CG6+L.5%RB6

1400
Y
"TOTAL FRACTIONAL INTENSITY="341

s lis e 0625505 125526112545 Te 4085 105 1560

151

e AsPs s 16255 e 62556961135 ¢01105

5,100

«152¢35025,.1135

H=SGR((K/(T*y))12-.25)

P=zH*%LOGC1+T*L/K)

C=SERC(1+T*L/K)

C1=C0S (M)

S51=SIN(P)

Dé6=Cx(D*k(Cl1-51/7(2%H))Y+A%xKk*S1/(T*H))
Ge=Cx(G*(C1=-S1/(2%xH) ) +bB*xkx51/7C(T*xH))
A6=(A*(CT1+51/(2%H))-Dx T (24H+1/(2¥HI I *S1/(2%K)) /C
B6=(Bx(C1+81 /(24 H) )~ (xTx(24%H+1/(2%xH))%S1/(2%Kk))/C
KN .

P=K*l./ (VkR)

D6=DxCOS(PY+A*]L *SIN(PY/F

Gé6z=G*xCOS(PI+B#LASINCPI /P

A6=B*%COS(P)-D*PxSINCP)Y /L.

Be=B*xCOS(P)-GxP*SIN(P) /L

KETURN

LET
LET
LET
LET
LET
LET
LET
LET
RETU

P=KxL./ (k%K)
C=EXPC(P)
Cl=CC+1/7CHr72
S1=(C-1/7Crs2
Dé6=D*C1+A%L*xS1/P
G6=G#Cl1+AXLxS1/F
A6=A*Cl1+D*PxS1/L
Bé6=R*C1+G*xP*S1/L
RN



1306
1310
1326
13364
13402
1350
13608
1376
1 38¢
1390
1 4t
1465
1447
141w
1415
149y
1436
1 440
14504
1460
1470
1486
1490
1500
1514
1534
1535
1546
1556
1564
1576
158G
1596
1660
1620
1630
1640
1656
1668
1676
1680
9999

KEADY

RYE

LET H=SGRC((K/Z(T*y))t2+.25)

LET P=EXF(H*LOCGCCI+T%L/R>)

LET C=Stk(1+T*L/R)

LET Cl=(P+1/P)/2

LET St=(P-17FP)/2

LET Dé=C4(D*(C1=~5S1/(2%H))+Axkx51/(TkH)D

LET C6=C(Cx(CI1=51/7C2%H))+Rxk*k51/CTxH))

LET £6=(ax(C1+851/7C24%H))+DxTA(2%H-1/(2*H))4«S1/(2%k3D/C
LET HKé=(H&k(C1+S1/7C2%kHI )+ TR (2 H=-1/(ExH)II*51/(2%Kk))Y/ZC
KETURN o

LET ¥1=2x V1 3*%EXFC(~-VeU) %3

LET &=&

LET k=Qtl/sDed)te/sve

FOR YH=0T7/7¢2%M3) T0 O0T74%C1=-1/C3%¥3)) &TFF O7/M3

LET M=N=hH

IF (ARSCYWU* (47104 CS/D5))+ARSCOA/LIS) It o< (0S/PL) e TREN 1654
TF (ARS(YUR(C2/D2=-G5/DSII+ABS(06/L5Y)Y10<(Q27136)1 2 THEN 656
IF=YOxGES/DS+ARS(NA/DS)<=Yk 4/ 4-AES(0A/134) THFEN 1658
Ti=YUx(S/7US-LRS(QE/US)>-YZx(a/Da+inr-S(0L/Da) THEN 150
IF =YU*xGES/ZDS+ARS(0E/7DIB)<=YEXCI/D3=pESC03/7D3) THEN | 5¢
IF ~YOx(ES/05-aRS(06/D5)>=YUR{(3/03+0-5C037133) THFNT €50
IF =YUkCS5/D5+LKES(0E/1iI9)Y<-Y O (2 /DE~-LES(01/702) 'THENT &5
IF ~YO*GH/7NS5-ABSC0E/DSI> =YV % G2/ D2+46ES(OT/7002) THEN 1656
LET X=01%xkNDL/D2

LET Y=2x01*kND/D2-YOkC2r/sD2-01/072

IF (Y+YUXG2/7bLedt12+x1r2>(01/7D2312 THEN 16&3D0

IF Yt24X12> K/ 12 +T192 THEN 16060

IF (Y+YRxG2/7D2)124+X12<(02/702)12 THEN 1660

IF (Y+YP4C3/7D3)12+X12>(03/7D3)Y12 THEN 1 &2

IF (Y+YO*C4/754)124Xt2>(Qa/7D4)>12 THEN 16466

IF (Y+YP*C4/D4)12+X12<(05/D4yr?2 THEN 1606

IF (Y+YE*ES/7DBIT24+Xt2>(06/705)12 THEN 1640

LET M=M+h

LET N=N+1

IF N>=m53 THEN 1640

GOTO . 1566 :

LET U=0+Wl*2xMxYA/ (N*xM3%07)

NEXT Y&

PRINT V,Q

LET G1=01+4

RETURN

END

OFF AT 11:35 10/730/768



Appendix II

Below is a listing of the program STRAFO used to calculate the
fraction of atoms effused from the collimator that reach the aperture of
the storage bulb in a two-magnet beam optics system for a hydrogen maser.
We assume a Maxwell -Boltzmann velocity distribution at a temperature of
380°K. We provide the following data:

L1 the distance from collimator to first magnet

L2 the length of the first magnet

L3 the distance between magnets

14 the length of the second magnet
L5 the distance from the second magnet to the target aperture

V1 the initial velocity in integrating over range of velocities
V2 the final velocity
V3 the velocity interval of each step

N1 the number of angular zones into which the cone of
angle (2uB,/mV?)Y2 is divided

N2 the number of steps through the first magnet

N3 the number of steps through the second magnet

R1  the radius of the first magnet
R2 the radius of the second magnet ,
R3 the radius of the storage bulb aperture

Bg the peak field strength in the magnets
w the transmission factor of the collimator

_ 1
The velocities are expressed in fractions of &« [‘= (2kT/m) 2].
The magnetic field is expressed in gauss.

Linear dimensions must be expressed all in the same unit,



se e HPFTDE 00

GE 609-LINE T/5 FROM DAKTMOUTH

DISC STORAGE SHOKTAGE. PLEASE UNSAVE UNNECESSAKY PROCGKAMS.
TERMINAL 311 ON AT-15:17 11/11/68

USEFR NUMBFR--V21581,sHPFT

SYSTEM==RASIC

NEk On OLD--0LD

OLD. FILE NAME~--SThAFO

hEADY :

LIST

STKRAFO 15218 11711768

16 KEAD L1s,L2,L.351L.451.5
20 READ V1,V2,V3,N1,N2,N3

3¢ READ R1sK2,k3,F0s bk

35 KREAD §1,82

4% LET K=1.7721FE-7%B0

S5¢ LET KI=SOR(K)

60 LET Q1=0

719 FOK V=Vl TO V2 STFP V3

80 LET I=2%V3%V13%EXP(=VxV)

9% LET 0=0

190 LET D=K1i/V

110 FOR M=1 TO N1

120. LET D1=(M=-.5)*%D/N1

‘130 LET D3=D1

140 LET k=D1%L1/K1

150 FOk J=1 T0 N2

1600 LET X=1+9758E-3%B0*k*k

170 LET As-K*kR#X/SORC1+X%X)
1800 LET D2=D1+A*L2/ (k1#N2kV%V)
190 LET KeR+D14L2/ (K14N2) 4+ SkA*(L2/ (K1%N2%xV) )12 -
20 IF ABS(RY>=1 THEN 360

216 LET D1=D2

22¢ NEXT J



225 IF ABS(R)<S1/K1 THEN 3504
230 LET R=(k1xk+L3%D1)/k2

240 FOk J=1 TO N3

250 LET X=1.9758E-3%Boxkkk

260 LET Az-K¥Kk*X/SGKC(1+X*X)

270 LET D2=D1+A*L 4/ (K2*N3%Vx\)
28 LET RsK+D1%L4/(RK2*N3)+.5%A%(L 4/ (k2*N3%xVv) )12
295 1F ABS(R)>=1 THEN 350

3¢0 LET D1=D2

310 NEXT J

315 IF ABS(k)<S$2/k2 THEN 350
320 LE1 R=hkxR2+L5*D1

330 IF ABS(K)>R3 THEN 350

340 LET g=6+2%xI%D*D3/(N1%xk)

350 NEXT ™

368 FRINT Vo0

37¢ LET 01=61+b

380 NEXT V

396 FRINT "TQTAL FKACTIONAL INTENSITY='"3Q1
BN DATE 125524112545 Te (ADE, 10
K10 DATA «Ts2.3s602

R20 DATA 10,16, 30

830 DATA «04,e062554113

R840 DATA T50,.1135

8§50 DATA ¢.0 '

999 FND

READY

OLD

OLD FILE NAME~--MAPSIN
KEADY

BYE :

OFF AT 15:20 11/11/68



Appendix III

Below is a listing of the program ADIAFP used to calculate the
transition probability for a spin -;— particle in a rotating magnetic field as
it passes through a static field that varies at a constant rate. We specify
the following:

N the number of zones the transition region is divided into

R the range of the atomic resonance frequency in radians
over the transition region divided by 2b

D the strength of the rotating field: D = bt (radians)



16
2
30
35
36
37
38
39
40
45
50
6@
76
1%
9@
100
110
120
130
140
150
160
170
180
190
195

LET Fl=1

LET F2=G1=062=0 .

READ Nsk

PRINT "NUMBEK OF HALFWIDTHS AT STAKT="$R/2
PRINT "NUMBER OF STEPS='""3N

PRINT "TRANSITION'","KADIANS"

PRINT "PROBABILITY",""PKECESSED"
FOk D=15.5 TO 2@ STEP «5
FOk M=1 TO N
LET Z=RKk((M=usS5)/N=e5)
LET Y1=1/50R(1+212)
LFT Y2=Y1*Z
LET X=D/CY1%N)
LET C=CO0S8(X)
LET $=SIN(X)
LET F3=F1*%C=-Sk(Y2*F2-Y1%G2)
LET F4=F24C+S*x(Y2*F1=Y1%G1)
LET G3=zG1*C+Sk(Y1*F2+Y24G2)
LET G4=C2%C-Sk(Y1*F1+Y2*G1)
LET F1=F3
LET F2=F4
LET G1=¢3
LET G2=C4
NEXT M
PRINT G1t2+G212,D
LET Fl=1

196 LET F2=G1=G2=0

209
800
999

NEXT D
DATA 20#,10
END



